We study the non-Gaussianity generated during multiple-field inflation. We provide an exact expression for the bispectrum parameter f N L which is valid beyond the slow-roll regime, valid for certain classes of inflationary models. We then study a new, exact multi-field inflationary model considering a case where the bispectrum grows to observable values at the end of inflation. We show that in this case the trispectrum is also large and may even provide the dominant signal of non-Gaussianity.
In this paper, we consider models of inflation driven by multiple scalar fields with canonical kinetic terms. We study the properties of non-Gaussianity, parameterised by the quantity f N L characterising the bispectrum, generated by the evolution of scalar perturbations on super Hubble scales. We develop a new method that provides, for certain classes of models, analytical expressions for f N L valid in regimes beyond a slow-roll approximation. Our method is based on the first-order Hamilton-Jacobi formalism developed by Salopek and Bond [20] , which allows us to express inflationary observables in the multi-field case, without having to focus on a slow-roll regime (see [21] for a similar application of this formalism to the single-field case).
The main idea on which our arguments are based is to focus on inflationary multi-field trajectories in which the Hubble rate, and not the potential, is separable. This approach allows us to analytically study cases where the non-Gaussian parameter f N L becomes large, in regimes in which the slow-roll parameters are enhanced after Hubble exit, but before inflation ends. In particular, we provide analytical equations that express the non-linearity parameter f NL , in terms of quantities that generalise the slow-roll parameters during inflation. By means of the same method, we are also able to find new, exact multi-field homogeneous solutions, that satisfy our Ansatz, for which a large amount of non-Gaussianity can be generated before the end of inflation. This allows us to apply the general formulae we find on a concrete example, that shows how the f N L parameter, and also both non-linearity parameters which characterise the trispectrum, can grow parametrically large as a function of quantities that characterise the model. In some cases the trispectrum through g N L can give the dominant signal of non-Gaussianity.
The plan of this paper is as follows: first we briefly recap the δN formalism, which allows us to compute the evolution of perturbations on large scales. In section 3 we present a method to calculate f N L exactly for some models, by using the Hamilton-Jacobi equations. In section 4 we consider some explicit multi-field models of inflation for which we find exact solutions, and in one case we show that the non-Gaussianity can become observably large by the end of inflation. Finally we conclude in section 5.
Brief recap of δN approach to evolution of perturbations
In this paper we use the so-called δN approach to study the evolution of curvature perturbations. This formalism has been found to be convenient for studying non-Gaussianity produced during inflation, and has been implemented in several previous studies. In this section we give a very brief review of the formulae necessary for the following discussion.
The starting point is the expression for the number of e-foldings of expansion, given by
evaluated from an initial spatially flat hypersurface to a final uniform density hypersurface. The perturbation in the number of e-foldings, δN , is the difference between the curvature perturbations on the initial and final hypersurfaces. We take the initial time to be Hubble exit during inflation, denoted by t * . The final time t c corresponds to a uniform density hypersurface just before the end of inflation. The curvature perturbation is given by [22, 23] 
where N, I = ∂N/(∂ϕ I * ) and the index I runs over all of the fields. The power spectrum and bispectrum are defined (in Fourier space) by 4
From this, we can define three quantities of key observational interest, respectively the spectral index, the tensor-to-scalar ratio and the non-linearity parameter
f NL = 5 6
Here, P * is the power spectrum of the scalar field fluctuations and P T = 8P * = 8H 2 * /(4π 2 M 2 P ) is the power spectrum of the tensor fluctuations. Both the spectra are calculated at the end of inflation and we will ignore any evolution after this time. As defined above, f NL is shape dependent, but it has been shown that the shape dependent part is much less than unity [6, 7] . The ideal CMB experiment is only expected to reach a precision of f NL around unity [24] , so we will calculate the shape independent part of f NL , denoted by f (4) NL in [13, 16] . Whenever the non-Gaussianity is large, |f NL | 1 as in the examples we are going to consider, we can associate f (4) NL ≃ f NL . This (k independent) part of f NL and the spectral index can be calculated by the δN formalism,
where ǫ ⋆ ≡ −Ḣ ⋆ /H 2 ⋆ , and H ⋆ = H(t = t ⋆ ). In the next sections, we will find expressions for the previous quantities, valid also beyond a slow-roll approximation, for certain classes of multi-field inflationary models.
The method
In this section we present a method which allows us to obtain simple and compact expressions for the spectral index n ζ and the parameter f (4) NL , in terms of quantities associated with the homogeneous solution under consideration. The main advantage of this method is that we do not rely on any approximation in order to find our results. The final formulae then allow one to analytically study interesting regimes in field space, that cannot be probed within the slow-roll approximation, usually implemented when studying the evolution of perturbations during inflation.
We start in section 3.1 by reformulating the equations of motion as first order Hamilton-Jacobi equations, following [20] . By implementing a suitable Ansatz, this formulation allows one to define two quantities that play an important role for studying the evolution of fluctuations, that we start discussing from section 3.2.
The homogeneous equations
We consider a system of two scalar fields φ and χ with canonical kinetic terms, minimally coupled to gravity. The action, setting M 2 P l = 8πG = 1, where G is Newton's gravitational constant, is
We focus on homogeneous, classical trajectories, adopting a FRW Ansatz for the metric and flat three dimensional spatial slices:
Defining the Hubble parameter as H ≡ȧ a , the equations of motion are
We concentrate on solutions satisfying the following Ansatz for the Hubble parameter H(φ, χ):
that is, we demand that it can be split as a sum 5 of two pieces, each one depending on a single field 6 . Notice that this is different with respect to the requirement of separable potentials usually done in the literature [13] . Indeed, given that the Hubble parameter appears squared in the left hand side of eq. (13), it is easy to see that the potential cannot be written as a sum of pieces, each depending on a single field.
This separability Ansatz allows to define two quantities that characterise each homogeneous trajectory that satisfies eqs (13)- (14) . The first is the number of e-foldings at time t c , that can be expressed as
where we define H , φ ≡
∂H(φ) ∂φ
and analogously for χ. The second is a quantity C, conserved along each homogenous trajectory,
whose definition resembles an analogous quantity used in [13] .
While the number of e-foldings N parameterises the evolution along a given homogeneous trajectory, C characterises the motion orthogonal to it. We will see these quantities are useful in order to analyse the evolution of fluctuations at superhorizon scales, in a way similar to what is done in [13] . The main advantage 5 Hence we follow an analysis related to [13] . In an analogous way, one could also consider a situation in which the Hubble parameter splits as a product of single-field pieces [16] . 6 In principle, the Hubble parameter H is a function H(ϕ (k) (t), t), with ϕ (1) = φ and ϕ (2) = χ. However, by means of eq. (13) and (14), we have
So that we have always H = H(ϕ (k) (t)) without additional dependence on time [20] .
of our Ansatz (15) for the Hubble parameter is that the evolution of perturbations can be studied without having to rely on any approximation such as slow roll. The formulae that we are going to determine, then, can be applied also in regimes where slow-roll conditions are violated: this fact will be of crucial importance for the applications that we discuss in the second part of the paper.
Evolution of perturbations
As explained in section 2, we intend to follow the evolution of the curvature perturbation between an initially flat slice at time t ⋆ (corresponding to Hubble exit) up to a final uniform density hypersurface at time t c . To calculate the scalar spectral index and the f NL parameter, as in eqs. (9) and (10), we have to compute the first and second derivatives of the number of e-foldings along the initial values for the fields φ ⋆ and χ ⋆ . In order to do this, we use the properties of the functions N (t ⋆ , t c ) and C(φ ⋆ , χ ⋆ ), and we closely follow the arguments developed in [13] transposing them to our case of separable Hubble parameter. We can write
We then need the derivatives of φ c , χ c along the initial values of the fields. The following relations hold
since φ c and χ c are functions of the conserved quantity C. Also, we have
By definition, the time t = t c corresponds to a hypersurface of constant energy density, so that H(φ c , χ c ) = const in a flat universe. This implies
,χc = 0
On the other hand, differentiating condition (17) along C one gets
By plugging (23) inside (22) one can extract
This, together with (17) , is enough to get
and analogous formulae for the other derivatives of the fields. At this point it is convenient to define the following quantities:
and δ = δ φ +δ χ . Although their definition resembles the corresponding one for the usual slow roll parameters ǫ and η, they do not coincide with them when taking a slow roll limit 7 . We assume that the quantities δ and γ are much smaller than unity at Hubble exit t = t ⋆ , in order to have a reliable expansion for δN as explained in section (2) . During inflation, by definition, we have to ensure that the quantity ǫ H ≡ −Ḣ/H 2 is smaller than one. On the other hand,
implying that δ must remain small during the inflationary period. The quantities γ can however become large during inflation: this property will be very important in the following discussion. By means of these quantities, we can write
We now have all the instruments to compute the derivatives of the number of e-foldings. The first derivatives result
where
7 It is nevertheless simple to work out the relation with the slow roll parameters, defined as
and analogously for χ. In a slow-roll regime, one finds
This quantity Z c controls the evolution of the curvature perturbation at superhorizon scales, as expected in multi-field inflationary models. The calculation of the second derivatives yields
Notice that, since it depends on the parameters u and v, it changes with time also beyond horizon exit, due to the correlation between entropy and adiabatic perturbations. On the other hand, if δ ⋆ and γ ⋆ are small, the spectral index normally remains close to one during the entire inflationary period.
We pass then to calculate f
NL , the parameter on which we are more interested in. We start by introducing the quantity
where we define
One can then express the value for the f
N L by plugging the previously obtained results in formula (10), finding 8
This is one of the main results of our paper. We reiterate that this formula is exact and is not based on a slow-roll expansion. Notice that the first two terms of eq. (38) are suppressed by δ φ ⋆ or δ χ ⋆ , and these quantities are less than unity since they are calculated at horizon exit. Only the last term proportional to A is not suppressed by quantities evaluated at horizon crossing. It depends on the quantity γ ss c , that can become much bigger than one during inflation, rendering the size of A large enough to enhance f N L to observable values. Our formalism allows to study this regime in a reliable, analytical fashion, contrary to an analysis relying on a slow-roll approximation. It is also possible to have a large f N L while all slow-roll parameters are small, if the ratio of some of the parameters is very large and the background trajectory curves in an appropriate way [17] (see also [25, 26] ). We note in agreement with [13] that if one of the fields has reached a minimum soφ = 0 orχ = 0 at the end of inflation then A = 0 and the non-Gaussianity at the end of inflation will be small. Therefore any model of inflation with a separable potential or separable Hubble factor with a large non-Gaussianity present at the end of inflation must have both fields still evolving, and therefore the presence of isocurvature modes. It would therefore also be interesting to study the evolution of the perturbations after inflation, to see if this leads to an important change in the observables [27] .
In the next section, we apply our general results to various examples of inflationary trajectories, showing in concrete examples that our formulae can analytically probe regions in field space where the non-linear parameter f (4) NL is enhanced to large values.
Exact solutions
Our system of first order equations, discussed in section 3.1, also allows one to find new exact inflationary trajectories in the multi-field case, provided that the scalar potential satisfies some conditions. There are very few examples of multiple field exact solutions in the literature [28] . In this section, we present two classes of new exact solutions, with the aim to study the evolution of non-Gaussianities in each example. In the first example, section 4.1, we analyse a quadratic potential, showing that in this case the non-gaussian parameter f (4) NL always remains small during the inflationary regime. In the second example, section 4.2, we consider a combination of exponential potentials. In this case, non-Gaussianities can get enhanced to observable values, depending on the choice of the parameters in the potential.
Quadratic potential: no enhancement of f NL
We first present an example of exact configuration that does not lead to enhanced non-Gaussianities, since the quantity A defined in eq. (36) does not increase much during inflation.
Consider a quadratic potential
where the constants B, C and F are related to the other quantities by
The equations of motion can be solved choosing a Hubble parameter of the form
with
Setting for simplicity, and without loosing generality, t ⋆ = 0, the equations have the solution
Notice that, although the solution is well defined for all t, at sufficiently large times the Hubble parameter becomes negative and the universe starts contracting. This point is, in any case, well beyond the end of the inflationary era, and we do not need to discuss it in our analysis. Inflation ends when the parameter ǫ H given by
becomes unity. Notice that the equations of motion, and eq. (47), allows one to rewrite the expression for the potential in a suggestive form
ensuring that during inflation this quantity remains positive definite.
In order to rely on the expansion for the number of e-foldings discussed in section 2, we impose that the quantities δ φ, χ ⋆ are small. From eq. (47), we learn that this is ensured as long as H 1 , H 2 ≪ H 0 . Notice that the γ parameters in this example vanish identically: this simplifies the expression for the spectral index, that reduces to
so n ζ − 1 is proportional to terms suppressed by small δ ⋆ 's parameters. Another consequence of having γ φ, χ = 0, is the fact that the quantity A cannot increase much during inflation. So, following the discussion of the previous sections, we do not expect to find any enhancement of non-Gaussianities. Indeed, it is straightforward to get the following expressions for the parameters u and v:
that then remains small and constant during inflation. This is not surprising since, from eq. (45), one learns that the inflationary trajectory follows a straight line in field space. To finish the discussion of this example, notice that spectral index and f N L are connected by the relation n ζ − 1 = − 
Exponential potential: enhancement of f NL towards the end of inflation
We discuss here an exact inflationary trajectory, for a potential based on a combination of exponentials that is instead able to produce large values of f NL at the end of inflation. Noticeably, a potential with a similar form may be motivated in string theory, in the context of Kähler moduli inflation [29] . We start by presenting the inflationary trajectory, and showing how it can enhance the non-linearity parameter f NL . We discuss the physical interpretation of our findings at the end of this section. The potential we consider is
where the parameters α and β satisfy
The equations of motion discussed in section 3.1 admit the following solution for H:
The overall factor to the potential U 0 can be freely chosen so that the amplitude of the scalar power spectrum matches the observed amplitude of perturbations in the CMB. The solutions for the scalar fields read (from now on H 0 = U 0 /3 and we have again set t ⋆ = 0)
The scale factor results:
Notice that the solution becomes singular at late times, when the scale factor vanishes and the field values diverge. The singularity, on the other hand, occurs well after inflation ends, and we will not need to discuss it in our analysis. The quantities δ and γ read in this case
Useful relations are
Notice that inflation occurs while
In this example γ φ and γ χ can become much larger than unity at the end of inflation if α and/or β are much greater than one. This corresponds to a break down in slow roll, although ǫ H remains smaller than unity during the inflationary era.
We can assume that at the initial time t = t ⋆ , the gamma parameters are smaller than α and β, so that H ⋆ ≃ H 0 . Using the formalism developed in section 3, we call
The number of e-folding at time t c reads
Focussing on the regime of large α and β, in which the first two terms in the previous expression are suppressed, the main contribution to the number of e-foldings comes from the terms that go like 1/γ ⋆ , as long as δ φ c or δ χ c are not too small (more on this later). We now proceed to calculate the quantities necessary for estimating the non-linear parameter f NL . One finds that
and
The expression for A, evaluated at t = t c is given by
Although the quantities δ φ c and δ χ c are smaller than one during inflation, on the other hand the parameters α and β can be large; this allows the quantity A to become large during inflation, enhancing the value of f (4) NL . We now show this with an explicit example.
A concrete example
As a simple, concrete example, we choose a regime in which the parameters α and β are both large, let us say larger than some arbitrary quantity R ≫ 1 with no physical meaning by itself. We note from (52) that we are therefore required to have A 2 < 0 and B 2 < 0. In this case the potential does not have a minimum, but inflation still ends through ǫ H growing larger than unity, and we can trust our results in this regime. The potential would need modifications which apply after inflation in order for reheating to take place and these modifications may provide a minimum for the potential. However a study of this issue is beyond the scope of this work. We parameterise the values of the quantities δ 
Suppose that the quantities m and n are not too big. Namely, they satisfy the inequality m, n ≪ R 2 , such that the expression for the number of e-foldings, eq. (61), is dominated by the terms proportional to the inverse of γ ⋆ . The same inequality also implies that
, such that we can write N tot = 60 ≃ 10 (p + q) .
In order to have 60 e-foldings, we have to choose p + q = 6. This fixes the initial values for the fields φ ⋆ and χ ⋆ , to the values
The conditions (65) imply
Since m and n are much smaller than R 2 , we expect p ≃ q. We hence have the simple relations
From (6), (8) and (29) for the tensor-to-scalar ratio, and from (35) for the spectral index, we find
So we have a completely negligible level of gravitational waves and a red spectral index in agreement with present day observations [1] . It is interesting to notice that for this choice of initial conditions we can write
where we used eq. (61). N (t) indicates the number of e-folds at time t, and N tot corresponds to the total number of e-folds (that as we mentioned we take of order sixty). We know that the terms inside the square roots, in the argument of the logarithms appearing in the previous equations, are much smaller than one since m, n ≪ R 2 . This implies that in a regime in which N tot − N (t) > ∼ 1 we can write
Since χ is proportional to φ, we have a straight trajectory in field space, implying that we cannot have conversion of entropy into adiabatic modes [30] , and consequently the curvature perturbation remains almost constant at superhorizon scales. In this regime, for the arguments we have seen in the previous sections, we cannot produce large non-Gaussianities in this context. However, towards the end of inflation, and the trajectory acquires a sharp turn, since the terms inside the square roots in eqs. (74) and (75) start to give sizeable contributions. Precisely in this regime the curvature perturbation evolves at superhorizon scales, and parametrically large non-Gaussianities can be produced, as we are going to see now.
We can calculate u and v in this case, finding (from now on we neglect corrections of order 1/R)
It is simple to check that the curvature spectral index n ζ given in eq. (9) remains close to one during the entire inflationary period. The parameter A becomes
The leading contribution to the quantity f
NL is
When evaluated at the end of inflation, using (77) we find
We stress that this formula provide only the dominant contributions to f N L . It is valid in the case |α|, |β| > R ≫ 1, and m, n < R 2 .
As an explicit case, we take α = −100, β = 20, m = 6, n = 6/5 and the initial conditions to satisfy (74) and (75) Let us end with some considerations regarding our findings in this concrete example. Our expression for f NL in eq. (79) depends on the initial values through p and q, and this dependence drops out at leading order in α. Hence f N L is independent of the number of e-foldings and scale independent 9 . This is easy to understand, since we have seen that, in our example, non-Gaussianity can be produced only towards the very end of inflation, when the trajectory has a sharp turn in field space.
Notice that our requirements of final values for the quantities δ (67)- (68) and recall that p ≃ q). Importantly though this kind of fine-tuning does not force us to choose a very special field value which would be inconsistent with the δN expansion, specifically we have checked that we satisfyφ ≫ H 2 and similarly for the χ field [33] . For more discussion of this point see [26] .
We stress that the enhancement of non-Gaussianity occurs towards the end of inflation. What happens just after inflation is a model dependent issue; we cannot address this question within the approximations used in this concrete model. For our choice of parameters we notice that f N L is still increasing at the end of inflation, see figure 1 , but for other choices it may start to decrease before inflation ends. We stress that in the regime where |α|, |β| ≫ 1 the slow-roll parameters will necessarily become much greater than unity by the end of inflation, which may correspond to |γ ss | ≫ 1: this is one reason by which f N L can become large. Our formalism is at least in principle suitable to study the evolution of non-Gaussianity after inflation, when the parameter ǫ H becomes larger than unity. We intend to address this issue in a future publication.
Trispectrum
In this regime where α ≫ β > R and m, n > 1/R 2 it is also possible to give compact expressions for the trispectrum (4-point function) non-linearity parameters. Unlike for the bispectrum there are two nonlinearity parameters which in principle are observationally distinguishable, since they multiply terms with different shape dependence. Using the delta-N formalism they are given by [15, 34, 35] 
We already have all the ingredients to give the full expression for τ N L , eqs. (29)- (33), and in principle it is a straightforward but lengthy calculation to differentiate these to get the third derivatives as required by g N L . The full results are extremely cumbersome, but it is not hard to estimate the size of these terms, in the regime we are currently studying. Indeed it is simple to see, from eqs. (29)- (33) , that at leading order in α the term ∂N/(∂φ ⋆ ) dominates at linear order in the delta-N expansion, while at second order is the term ∂ 2 N/(∂φ 2 ⋆ ) that dominates. With some more calculations, using the methods of Sec. 3.2, we find that the largest term at third order, at leading order in α and evaluated at the end of inflation, is given by
Now also using the fact that β ≫ 1 we can write the two terms for the trispectrum in terms of f 2 N L as
The result for τ N L is as expected for a model where a single field direction generates the primordial curvature perturbation [34] as it is a lower bound since in general τ N L ≥ (5f N L /6) 2 [36] . For a discussion of observational prospects for the trispectrum see [37] . We note that if m ≃ 1 then from (65) n ≫ 1, so the trispectrum through g N L will give the dominant signal of non-Gaussianity through a large, negative g N L .
Conclusions and Outlook
We have considered models of inflation driven by multiple scalar fields with canonical kinetic terms. We studied the properties of non-Gaussianity, parameterised by the quantity f N L characterising the bispectrum, generated by the evolution of scalar perturbations on super Hubble scales. We developed a new method, based on a first-order Hamilton-Jacobi formalism, that provides analytical expressions for f N L valid in regimes beyond a slow-roll approximation. The main idea on which our arguments were based is to focus on inflationary multi-field trajectories in which the Hubble rate, and not the potential, is separable. This approach allowed us to analytically study cases where the non-Gaussian parameter f N L becomes large, in regimes in which the slow-roll parameters are enhanced well after Hubble exit, but before inflation ends. By means of the same method, we also found new, exact multi-field homogeneous inflationary trajectories, for which a large amount of non-Gaussianity can be generated before the end of inflation. This allowed us to apply our general formulae on a concrete example, showing how the f N L parameter can grow parametrically large as a function of quantities that characterise a specific model. In the example we considered, the slowroll approximation strongly breaks down shortly before the end of inflation: f NL grows to large values, and it also turns out to be scale independent. Furthermore the trispectrum is also large in this case, and for some parameter values and initial conditions the first signal of non-Gaussianity could come from a large g N L . This is the first explicit example of a break down in slow roll after Hubble exit giving rise to f N L ≫ 1 at the end of inflation.
Our method and results can be applied to other contexts. Other multi-field models of inflation, besides the ones we considered, can have inflationary trajectories that satisfy our Ansatz of separable Hubble potential. All these models can be studied by means of our methods, helping to analytically understand regimes in which f NL can be enhanced to observable values, and possibly finding new ways to enhance non-Gaussianities. In some cases, depending on the form of the potential and of the inflationary trajectory, the evolution of non-Gaussianity can be studied also after inflation ends, since our technique allows to go beyond a slow-roll approximation. For this reason it would be especially interesting to find an example of a potential with a minimum and large non-Gaussianity, so that we could address the question of how f N L continues to evolve after the end of the inflationary period. Also, one can straightforwardly extend our method to study multi-field inflationary models with non-canonical kinetic terms, first studied in [38] . This can allow to further explore the consequences of having non-canonical kinetic terms for the evolution of scalar fluctuations, besides what has been done so far in the literature [4, 39] . We hope to return to discuss these issues soon.
